= I I {M(t,s) + M(s,t) + I M(t,u)M(s,u)du}dx(s)dx(t).
J o J 0 " 0
We prove Theorem A by starting with Theorem B, a theorem of Cameron and Martin [l] , which appears below in a slightly weaker form. From Theorem B we develop Theorem C to obtain Theorem A.
Theorem B. Let H(t, s) be measurable on P and
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use PAe« í&ere exù/s ô > O 5WcA that if O < e < 8 and F (y) is a measurable functional such that either side of the following equation exists, both sides exist and are equal.
•7 o «7 o «^ o /
1. In this section we give some lemmas used in the proof of Theorem C. Lemma 1. Let Nf(t, s) be measurable on P and Nt(t, t) be measurable on I for all €>0. Let Nc(t, s) be bounded on P independent of e>0. Let lim Nt(t, s) = N(t, s) almost everywhere on P and almost everywhere on I. Then
Proof. Let 77 >0 be given. By application of Hadamard's lemma [3] , it follows that there exists an integer K such that
independent of e>0 and
It follows immediately from the hypothesis and bounded convergence that License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
Therefore there exists 5 > 0 such that 0 < € < 5 implies
This implies (1.1).
The following result was communicated to the author by R. H. Cameron.
Lemma 2. Let Nit, s) be bounded and measurable on I2. Then
Proof. A typical term from the expansion of a determinant in the expan-
• -it -u + ry)J'iu)du,
Since J'it) is continuous on 7, we have 0<í</-ij<1-2ií.
Since A,(í, s) is bounded and measurable on I2 for every »7>0, we use Lemma 2 to obtain
Similarly,
we have from (1.7),
Therefore (1.6), (1.8), (1.9), (1.10), and (1.11) imply (1.5). (1.17) Piu,t) úPiv,t).
We will show that Pit, s) is measurable on I2. Let a>0. Then Pit) = sup{j:P(/, j) < a], tEI,
•er is a monotone decreasing function because if t' < t" and <b(l') <<p(t"), then there exists s" such that </>(0 < j"< <¡>it") and according to (1.17), Pit', s") gP(/", j") <a so that p(t')^s", a contradiction. Therefore <pil) is measurable and its ordinate set
is measurable for all real a. Therefore P(t, s) is measurable on P. From (1.15) it follows that P(t, t) is measurable on I. Similarly, N(t, s) is measurable on P and N(t, t) is measurable on I. Since M(t, 0) and M(0, s) are measurable on I, it follows from (1.14) that M(t, s) is measurable on P and M(t, t) is measurable on I.
Because of (1.15), P(t, t) is continuous almost everywhere on I. Therefore, from (1.16) and (1.17) it follows that for almost all tEI, lim P(t, s) = P(t, t).
Similarly, for almost all tEI,
for almost all tEL Therefore (1.12) follows from (1.14). Let €>0 and define
where P(t, s)=P(t, 1) and N(t, s)=N(t, 1) if *>1. Then from (1.14),
LetO=Ygi" = l and 0=Y = s" = l. Then •
expj-J* if [--[M(t,s + t)-M(t,s)]'\x(s)ds + J'(t)x(t)\
provided either side exists. This proves Theorem C. 3. In this section we prove some lemmas which we use in letting e-»0+. Proof. By a theorem of [2] and Fubini's theorem,
J i*
The integrand on the right is bounded and tends to zero almost everywhere on P as e tends to 0+ because for every tEI, M(t, s) is a continuous function of s almost everywhere on I. The conclusion follows by bounded convergence.
Lemma 8. Let M(t, s) be ofB. 7. on P, M(t, 1) = M(l, t)=0, tEI, and xEC Let norm 5<min(5, 5'). Using (3.4)-(3.6) we obtain
Since € is arbitrary, we have
Therefore the conclusion follows from this and (3.3).
Lemma 9. Let M(t, s) be of B.V. 
from the Fubini theorem. Also from the Fubini theorem,
The use of the Fubini theorem is justified since ||[x|||4 is integrable on C.
is absolutely continuous on I2®I2. Since U(t, s, u, v) is zero if any argument is zero and 7V,(f, 1) and 7Vt(l, j) are zero, we have on integrating by parts,
For every fixed /£7, Mit, s) is continuous in j almost everywhere on 7. Therefore A4(/, j) converges almost everywhere to zero as t->0+. Since Ae(i, j) is bounded on I2 and Uit, s, u, v) is absolutely continuous, the right hand side of (3.8) tends to zero as €->0+. Using (3.7) the lemma is established. is bounded independent of t and e. Therefore the integrand on the right of (4.4) is bounded on 7 independent of e>0 for every xEC. By (4.1) this integrand tends to zero as n tends to 00 for almost all m on 7 for almost all xEC. It follows from (4.4), Lemma 6, and bounded convergence that 
From Lemma 4 it follows that
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use j M'it,s)dxis) do is bounded on 7 independent of e for every x£C Since J'it) is bounded on 7 independent of e, we have from (4.1) and bounded convergence, where B is independent of t and n. Therefore from (4.9) and Lemma 6 which we use by virtue of (4.8) and (4.9), if |||y||| <R, then 0<€<ô3 and 0<77<52 with il7(i, j) and 7(<) replaced by Af'(i, j) and 7"(i) respectively so that (4.13) holds with Mit, s) and Jit) replaced by M"(i, j)
and J"it) respectively for 0<r?<52. Therefore (4.13) holds. We may remove condition (0.19) since the values of 7(1), M(t, 1), and M(l, j) do not affect the formula (4.13) provided the hypothesis of Theorem A still holds. From (0.4), (0.5) and (0.6) it follows that (4.14) Lit, s) = f M(u,s)du do
